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The present goal of this paper is at least one of the followings:

1. the existence of a solution of the equation in the form of {1.1) under some conditions
on the operator $L$ and its parameter, damping, or source terms along with the initial
data. Our study is inspired by the advances in [4-11] and the consequent
developments.

2. Investigate the blow-up result of the solution of equation in the form of (1.1) but with
the generalized damping mativated by [5,9].
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1. Study various evolution equatlons and hyperbolic equations of similar forms from
previous research work.

2. Study relevant information such as related principles in analysis and partial differentiat
equations. .

3. Determine a solution of the equation in the form of (1.1) and/or investigate the blow-up
solution of the equation in the form of (1.1).
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@6, TaUIUAYD9N15A9E (Scope of the study)

We study the evolution equation (1.1) as shown in the attached document topic 1.1 The
Model under some conditions on the parameter, operator, damping, and/or source terms
which will be identified during the study of the work,
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We expect the existence of a solution and/or blow-up of the solution of the equation in
the form of (1.1) as shown in the attached document under some conditions on the
parameter, operator, damping, and/or source terms which will occur during the investigation.

The impact expected from the study is the broader views for the analysis of the
evolution equation with nonlinear damping and source terms. Since this type of equation
arose from some physical problems, the prediction of the consequent events from the

problems could be more precise.



1. INTRODUCTION AND LITERATURE QVERVIEW

1.1, The model. Let @ € R* be a bounded domain, open and connected, with
a smooth boundary I, where n = 1,2,3. In this manuscript, we are interested in
studying the following model under some conditions of the damping and source term:

g —nLu+glw) = flw), nOQx{0,T),
wz,t)=0, onlx(0,T),

u(z,0)=0, in{,

ue(x,0) =0, inf,

R

where the unknown u is an R-valued function on 0 x (0,T) along with the ini-
tial and boundary conditions of Dirichlet type, and the parameter n is approach-
ing to zero. The operator L, here, represents an elliptic operator defined as Lu =

Dl %(aﬁ(m)%). The interior source f(u) and the damping term g(s) pre-
sented here is nonlinear. This equation illustrates the interaction between damping

and source terms.

1.2. Motivation and Literature Overview. A hyperbolic equation is a type of
evolution equations that describe wave-like phenomena and propagation. These equa-
tions exhibit unique behavior compared to other types of partial differential equations.
They play a crucial role in understanding and modeling such phenomena across di-
verse fields of science and engineering. They provide insights into how disturbances
and information propagate through different mediums and systems. The basic model
of the wave equations [4] is the linear homogeneous equation ug, — c?Au = 0, where ¢
is the speed of propagation, and v := u(z,t) is the displacement over the variables
in a domain €} ¢ R™ and the time variable £. The notation A is the usual Laplacian
in the Buclidean space. Hyperbolic equations are usually accompanied by specific ini-
tial and boundary conditions that help determine a unique solution to the problem.
If there are the interior linear force acting to the system, the equation becomes the
nonhomogeneous equation uy —Au = f(z,t). When the resistance, so-called damping
term, presents, the equation is in the form uy — Au + g(w) = f(=,1).

In quantum field theory (referred in [7, 10]), the evolution equations of the following
nonlinear type has been studied, ,

1wy — Au+ Rz, t, u, w) = F(z,u), (1.2)

where R and F meet the structural requirements vR(z,t,u,v) 2 0, R{z,t,u,0) =

F(z,0) =0, and F(z,u) ~ |u|P~lu for large |u|. Begin with the work of Reed [12] in

1976, he proposed the problem in the form of (1.2} but without any damping. The

nonlinear source term |u|?"u drives the solution blows up in finite time. On the other

hand, the presence of damping term only yields the global existence of a solution of

the equation (see [1, 3]). In 1994, Georgiev and Todorova [6] studied the following
1

g4
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problem;

ug — Au + gfu)” lu = bjulPly, in Q x (0,00),
u(z,t) =0, onI xR,
u(z,0) =15, in Q.

In the investigation, the interaction of the damping a|uj™ 1u and the source blu[P~1u
makes the problem quite difficult and more interesting. As well as for the coupled
equations analyzed in [2, 7, 11} and for the recent work in {13, 14], the existence
and uniqueness of global and local solutions has been valid when the exponerit of
the damped ferm is subordinate. Furthermore, weak solutions for the systems blow
up in finite time under the negativity of the initial energy and the superiority of the
exponent of the source terms.

In 2021, Nachid and Gozo [9] investigated the numerical solution of the following
problem

ug — ELu + blwy|? = f(u), inx(0,00),
u(z,8) =0, onT xR,

u(z,0)=0, in{,

u(z,0) =0, in .

(1.3)

They studied problem (1.3) under the condition that the source f(s) is positive, in-
creasing, and convex for the nonnegative values of s, fom -f‘%% < 00, and the parameter
€ and b are positive. The result shows that the solution of the equation (1.3) blows up
in finite time provided that the initial data and the parameter £ are small. This work
scheme was motivated by the research of Friedman and Lacey [5]. They described
the blow-up of the solution of the heat equation

u — eAu = flu), inQx(0,T),
u(z,t)=0, onI xR, (1.4)
u(:ﬂ: 0) = HD(E)) in ‘Q': ’

under some conditions on the initial data.
To the knowledge presently, there are no works dealing with problem (1.1}. The
present goal of this paper is at least one of the followings:

» Anealyze the existence of a solution of the equation of the form (1.1) under
some conditions on the operator L and its parameter, damping, or source
terms along with the initial data. Our study is inspired by the advances in
4,5, 6,7, 8,9, 10, 11} and the consequent developments.

o Investigate the blow-up result of the solution of the equation of the form (1.1)

but wtih the generalized damping motivated by [5, 9].
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